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Random Triangulations of the Plane 
L. BRUCE RICHMOND* AND NICHOLAS C. WORMALDt 
It is shown that random 2- and 3-connected triangulations (bicubic maps) with 2n faces (vertices) 
almost certainly contain en, e > 0, copies of any particular 2- or 3-connected triangulation (bicubic 
map), respectively. Almost an 2- and 3-connected triangulations, and bicubic maps, with m ver-
tices have longest path length less than em, for some e < 1. If Barnette's conjecture that every 
3-connected bicubic map is hamiltonian is false then almost an 3-connected bicubic maps are 
counterexamples to it. 
1. INTRODUCTION 
In this paper we study properties of almost all triangulations of the plane; for example 
the longest path length and the number of copies of a given subtriangulation. By a copy of 
a triangulation To in a triangulation T, we mean a proper subtriangulation of T which is 
isomorphic to To and all of whose internal faces are faces of T. We consider 2- and 
3-connected triangulations and also 2- and 3-connected bicubic maps (the duals of 2-face-
colourable triangulations). Whenever we mention probabilities we shall be assuming that 
the different triangulations with 2n faces are equally likely. 
R.W. Robinson and the authors [5] have considered 3-connected triangulations in this 
way. Unless otherwise specified, we use n to denote one less than half the number of faces 
in a triangulation (or one less than half the number of vertices in a bicubic map) so that 
a triangulation has 2n + 1 internal faces, n + 3 vertices and 3n + 3 edges. As in [5], we 
first obtain our results for rooted triangulations using properties of the associated generat-
ing functions. All probabilities in Sections 2, 3 or 4 which go to 0 with n do so faster than 
0(n- 1). Since there are at most 12n + 12 ways to root a triangulation we obtain a lower 
bound for the number of unrooted ones (regarded as lying on the closed plane or sphere) 
by dividing the number of rooted ones by 12n + 12. Thus all our main results hold when 
stated for the unrooted (or combinatorially distinct) case as well as the rooted case. This 
applies also for bicubic maps. 
This paper has four more sections. Throughout c will denote some positive constant, 
possibly different constants at different appearances. In Section 2 we consider 3-connected 
triangulations. The main result of [5] is that the probability of a 3-connected triangulation 
containing less than en supercopies of any particular 3-connected triangulation is expo-
nentially small, where a supereopy of To in T (called an 'acceptable copy' in [5]) is a 
subtriangulation of T isomorphic to To whose faces are all permitted to contain edges and 
vertices of Tnot in To. We first improve this result by showing that 3-connected triangula-
tions are self-perpetuating, where we say any class of maps is self-perpetuating if almost all 
maps in the class with m vertices contain at least em copies of any particular map To in the 
class, e = e(To) being a suitable positive constant. This derivation is independent of 
most of [5] although a similar initial approach is used. We next point out that this result, 
together with an example of a non-hamiltonian 3-connected cubic map (first found by 
Tutte [7]) implies that (l - e)m is an upper bound on the longest path length in almost all 
3-connected cubic maps with m vertices. Similarly, an example of a 3-connected triangulation 
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with no Hamilton cycle (the first such with not even a Hamilton path appears to have been 
by T. A. Brown [2]; see Griinbaum [3]) implies that (1 - c)n is an upper bound for the 
greatest path length in almost all 3-connected triangulations. Since H. Whitney has shown 
[13] that every 4-connected triangulation is hamiltonian (of course Tutte [8] later deduced 
this for a1l4-connected maps) we include a proofthat an exponentially small fraction of the 
hamiltonian 3-connected triangulations are 4-connected. We give the simplest proof we 
know of the result (the main tool being Whitney's Theorem) without attempting to give a 
best possible result. Finally we show that there is a constant c such that almost no 
3-connected triangulations contain a given subtriangulation of clog n faces (in a certain 
sense). In Section 3 we consider 2-connected triangulations, our main result being that they 
are self-perpetuating. It follows that almost all 2-connected triangulations have longest 
path length at most (1 - c)n. In the fourth section we consider bicubic maps, showing that 
both 2-connected bicubic maps and 3-connected bicubic maps are self-perpetuating. This 
is easily shown to imply that if there is a 3-connected bicubic map without a Hamilton cycle 
then again an upper bound for the greatest path length in almost all 3-connected bicubic 
maps with m vertices is (1 - c)m. We also point out that almost none of the hamiltonian 
3-connected 2-face-colourable maps are 4-connected for infinitely many n. We sketch the 
proof of this statement for all n. Finally in Section 5 we address the problem of estimating 
the size of a largest 4-connected component in a random 3-connected triangulation. It is 
shown that such a map almost surely contains a supercopy of at least one 4-connected 
triangulation with at least n l/3 - e vertices for all e > O. 
2. 3-CONNECTED TRIANGULA nONS 
Let gn(hn) denote the number of 3-connected (4-connected) rooted triangulations with 
2n + 1 internal faces. In this context we regard the map consisting of just one triangle, 
which we denote by Mo, as 3-connected but not 4-connected, and the map corresponding 
to a triangular pyramid as 4-connected. Define generating functions G(x) = 1::= 0 gnx2n + 1 = 
X + x 3 + ... and H(x) = 1::= Ihnx 2n +1 = x 3 + ... , and put g(X2) = G(x)/x and 
h(x2) = H(x)/x. Tutte [9] shows 
H(G(x» = G(x) - x, (1) 
2(4n + I)! 
g(x) = n~o (n + I)! (3n + 2)! x', (2) 
whence 
g '" ~ [3 n- 5/2 (256/27)"+1 
• 16 V2n . (3) 
Furthermore, it is shown in [5] that g(x) is analytic for Ixl < 27/256 and has a unique 
singularity on its radius of convergence at x = 27/256. Here it has an expansion of the form 
g(27/256 - x) = x 3f2;;(x) + J;(x) where;; and}; are analytic near x = O. We use these 
facts occasionally in what follows. 
We explain the derivation of equation (1) since the technique will be repeated. A 
separating triangle of a triangulation is one with at least one edge in both its interior and 
exterior. It is easy to check that a 3-connected triangulation with at least four faces is 
4-connected if and only if it has no separating triangles (in fact Tutte [9] defines them this 
way and calls them simple triangulations). Given a rooted 3-connected triangulation T, in 
which the root face is by convention the infinite face, regard the interior of each separating 
triangle of T as a single face and denote the resulting rooted triangulation by U. It is clear 
that U is uniquely defined, and is 4-connected if it has at least four vertices. Thus each 
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rooted 3-connected triangulation with at least four vertices can be formed in a unique way 
from a rooted 4-connected triangulation by inserting rooted 3-connected triangulations 
into each of its interior faces and identifying the two boundaries. Here it is assumd that the 
positioning of the root of the 3-connected triangulation within the receiving face is predeter-
mined. Equation (I) follows from this decomposition. 
Let !/' denote a (finite or infinite) set of 4-connected rooted triangulations. Let 
!T = !T(!/') denote the set of (3-connected) rooted triangulations constructed by the 
following recursive procedure: 
l. Set!T = !/' u {Mo}. 
2. For all maps M I , M2 E !T, and for every internal face F of M I , add to !T the map 
obtained from MI by inserting a copy of M2 into F (if this map is not already present). 
3. Repeat step 2. 
Let tn = tn(!/') denote the number of maps in !T with 2n + I internal faces. The 
notation lim* in the following denotes that n is restricted to those values for which tn "# o. 
THEOREM 2.1. Suppose that !/' is nonempty and that lim: ~ 00 t!/n exists. Then !T is 
self-perpetuating. 
PROOF. Say To E !T has 2) + I internal faces,) ~ I. Let fi(x) and G(x) be the generat-
ing functions for!/' and !T, respectively, in which the exponent of x is the number of 
internal faces, and similarly let Gj(x, y) denote the generating function for!T, in which the 
exponent of x is as before and that of y is the number of copies of To in the triangulation. 
Analogous with equation (I) we have 
fi(G(x)) = G(x) - x, (4) 
and 
(5) 
One interesting consequence of equation (5) is that the number of triangulations in !T 
containing a given number of copies of To depends on) but not on To. Since G' (0) "# 0 we 
have that G- I (x) is analytic near O. Thus by equation (4) 
fi(x) = fi(G(G-I(X))) G(G-I(x)) - G-I(x) = x - G-I(x). 
Now equation (5) gives 
Gj(x,y) - x fi(Gj(x,y) + (y - l)x2j + l ) 
= Gj(x, y) + (y - I)X2HI - G-I(Gj(x, y) + (y - l)x2j + I ), 
and so 
(6) 
We may regard y as a fixed real, 0 ~ y ~ I. Let R denote the radius of convergence of 
G(x) and let R(y) denote the radius of convergence of Gj(x, y). Since the coefficients of G 
are non-negative and bounded above by those of G, we have R ~ --/27/256 by equation (3). 
From equation (6), R(y) ~ Ro(Y) where Ra(Y) is the least positive x for which 
x + (y - l)x2j + 1 = R. Note that in the case that!/' contains all the 4-connected trian-
gulations we have from equation (3) that G"(x) diverges at x = R and so the same is true 
ofG"(x,y)atR,whichgivesR(y) = Ro(Y) in this case. Inanycase,R(y) > Rfory < I 
and so for example R(!) > R. 
Write Gj(x, y) = n: Gj[n, mlxnym. Then Lm Gj[n, m] = tn' and by hypothesis 
lim:~oo t!/n = R- I. Thus for some 6 > 0 and n sufficiently large, 
L Gj [n, m12- m ~ (I - 6)" tn· 
m 
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Hence for all b > 0 
b. L Gj[n, m]2- bn ~ (1 - e)ntn, 
m ~ 0 
and so if b < - t log (1 - c) then L~ ~ 0 Gj [n, m] ~ (1 - e)"/2 tn. This proves that an 
exponentially small proportion of the triangulations in !7 with 2n faces have less than bn 
copies of To. 
If !f is the set of 4-connected rooted triangulations then !7 is the set of 3-connected 
rooted triangulations and we obtain the following in view of equation (3). 
THEOREM 2.2. The 3-connected triangulations are se!f-perpetutating. 
Using this result it is easy to derive corollary 3 of [5], as follows. 
THEOREM 2.3. The length of a longest path in almost all 3-connected cubic maps with m 
vertices is at most (1 - c)m. 
PROOF. See Griinbaum [3, p. 362] for an example of a 3-connected cubic map with no 
Hamilton path. In fact all we need is one with no Hamilton cycle, as given first by Tutte 
[7]. Denote the dual of such a map by To. A map containing a copy of To cannot contain 
a face-path beginning and ending outside that copy of To and passing through all its internal 
faces. By Theorem 2.2, almost all 3-connected triangulations contain at least cn copies of 
To, and every face-path in such a triangulation avoids at least one face in all copies of To 
except at most two of the copies, which may contain the ends of the face-path. Since distinct 
copies of To have disjoint interiors, the theorem follows. 
We also have the analogous result for triangulations. 
THEOREM 2.4. The length of a longest path in almost all 3-connected triangulations is at 
most (1 - c)n. 
PROOF. T. A. Brown [2] gave an example of a 3-connected triangulation with no 
Hamilton path. All we need is one with no Hamilton cycle, say To. A map containing a copy 
of To cannot have a path beginning and ending outside that copy and passing through all 
vertices in the copy. The rest of the proof is the same as for Theorem 2.3. 
THEOREM 2.5. The probability that a random 3-connected hamiltonian triangulation is 
4-connected approaches 0 exponentially. 
PROOF. Suppose we alter a triangulation T by inserting a vertex V inside a face F 
of T and then by joining V with a single edge to each vertex of F. This procedure is 
described as trisecting F. A Hamilton cycle C in T contains n + 3 edges, no more than 
two of which are in the same triangle of T (assuming T =1= Mo). Hence there is a set 
W of at least (n + 3)/2 triangles in the interior of C which share either one or two edges 
each with C. If any subset of the triangles in Ware trisected, the resulting triangula-
tion is clearly hamiltonian. Thus each rooted 4-connected triangulation gives rise to 
(L(n +/)/2J) hamiltonian 3-connected rooted triangulations with n + 3 + k vertices, and 
none of the triangulations generated by this process can arise in two different ways. We 
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have, for k about 2n/31, 
O( J1i) (27/31 )"/2 
as Tutte [9] shows hn ~ lis ~n-512 (27/4)n+l. The theorem follows. 
We conclude this section with an indication of how quickly triangulations must grow if 
they are to appear rarely in random 3-corrected triangulations. This result, involving 
supercopies, is necessarily stronger than the corresponding result for copies. 
THEOREM 2.6. There is a constant K > 0 such that ifk(n) > K log n then the probability 
that a random 3-connected triangulation with 2n + I internal faces contains a supercopy of 
any particular 3-connected triangulation with k(n) faces approaches 0 as n -+ 00. 
PROOF. We first obtain an upper bound for the number, Un' of 3-connected triangula-
tions with 2n + I internal faces and with a distinguished supercopy of a 3-connected 
triangulation To which has 2k + I internal faces. One way to construct such a triangulation 
is to begin with any 3-connected triangulation, insert the distinguished copy of To into one 
of its internal faces, and then insert 3-connected triangulations into each of the 2k + I 
internal faces of that copy of To (thereby making it a supercopy). Thus 
Un ~ (2n + l)[x2n + 1 ](T(x)/x) T(x)2k+1) ~ (2n + l)[xn -k](g(X)2k +2), 
where square brackets denote coefficient extraction and the factor of (2n + 1) is an upper 
bound due to the choice of the triangle to receive To. Since g(x) is continuous on its circle 
of convergence we now have from Cauchy's theorem that 
2n + 1 f Un ~ 2ni g(X?k+2 X-n+k-I dx ~ (2n + l)g(S)2k+ls-n+k-1 
where the integral is for I x I = S, and S = 27/256. Thus in view of equation (3) it suffices 
to show that g(S)2 < S-I. Using equation (2) and the inequalities 
(7) 
(see H. E. Robbins [6]) we have for n ~ 3 
gn sn < ffn (4n + 1)3/2 2+I/I2(4n+l) [ (1 + 1/4n)4 ] (n + 1)3/2 (3n + 2)512 e (1 + l/n)(1 + 2/3n)3 
Hence 
g(S) < 1 + S + 3S2 + 4 L n- 512 < 1.2 + 4 LCD X- 5/2 dx < 2.2, 
n~3 
and so Sg(S)2 < 1 as required. 
Theorem 2.6 immediately has the corollary obtained by replacing 'any particular' by 'a 
random'. The two results are in fact equivalent since all triangulations with j faces are 
equally likely to occur within a random rooted 3-corrected triangulation. 
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3. 2-CONNECTED TRIANGULATIONS 
In this section we let h(x) = ~ hnxn [correspondingly, g(x)] be the generating function 
for rooted 3-connected (correspondingly, 2-connected) triangulations with 2n faces [so that 
h(x)/x is the g(x) of Section [2]. Then from equation (2) we have 
for n ~ 1. Also, Tutte [11] showed 
2(4n - 3)! 
n!(3n - I)! 
g(x) = h(x(l + g(xW). 
(8a) 
(8b) 
Since this functional equation and similar ones are fundamental to the following we give 
Tutte's derivation [10]. First note that each rooted 2-connected triangulation T has an 
associated rooted 3-connected triangulation D(T) from which it is obtained by splitting 
some of the edges into digons and then triangulating the insides of these digons. Even the 
root-edge may be split but the outer triangle must be preserved. When the root is split, the 
new root is that 'half' of the old root that is still incident with the outer triangle. For each 
3-connected triangulation with 2i faces, hi in number, we may split each of the 3i edges then 
insert a 2-connected triangulation. Hence 
00 
g(x) = L hixi (I + g(X»3i = h(x(1 + g(X»3). 
i=1 
Furthermore if we let gj(x, y) count the number of 2-connected triangulations with 2n faces 
and m copies of a particular triangulation of a digon with 2j faces , this argument shows that 
for j ~ 2 
(9) 
Thus, similar to the situation for 3-connected triangulations, we have the consequence 
(irrelevant to our argument) that the number of 2-connected triangulations with a given 
number of copies of a triangulation To of a digon depends only on the number of faces in 
To. From Section 2 or equation (8a) we know h has radius of convergence S = 27/256 and 
from Stirling'S formula h(S) and h'(S) are finite. Let R (= R(y» denote the radius of 
convergence of gj(x, y) and let Ro = Ro(y) be the least positive real for which 
Ro = S/(I + h(S) + (y - I)RiJl (10) 
Here and in what follows we assume 0 ~ y ~ I. The main fact we need is the following. 
LEMMA 3.1. R = Ro. 
PROOF. Note that the coefficients of xn in 1 + gj(x, y) + (y - I)xj and h(x) are 
non-negative. Thus R (correspondingly, S) is the smallest positive x (correspondingly, u) 
at which g(x, y) (correspondingly, h(u» is not analytic. Let 
Then (3.2) states 
and we may also write 
u = x(1 + gj(x,y) + (y - I)Xj )3. (11) 
h(u) 
u 
x = (I + h(u) + (y - l)xj )3· 
(12) 
(13) 
We break the proof into two pieces, the following two lemmas. 
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LEMMA 3.2. Equations (11) and (13) define u as a function of x analytic at all real x such 
that 0 :::; x < R, and define x as afunction of u analytic at all real u such that 0 :::; u < u(R). 
Moreover R :::; Ro and x(S) = Ro. 
PROOF. Clearly equation (11) defines u as an analytic function of x for 0 :::; x < R. 
Furthermore if u > 0 then 
-u + x(1 + h(u) + (y - I)Xj )3 
is negative for x = 0 and positive for x = u. Hence there is some x, 0 < x < u, solving 
equation (13) for 0 < u :::; S. Also 
ox(1 + h(u) + (y - I)Xj )3 
ox 
(1 + h(u) + (y - I)Xj )2 (I + h(u) 
+ (y - 1)(3j + I)xj), (14) 
and by equation (13) 
I + h(u) + (y - I)xi = (U/X)I/3 > o. (15) 
Moreover since x < u < Sand y ~ 0, and 4jSj < I as S < 1/4, 
I + h(u) + (y - 1)(3j + I)xj > I + h(u) - (3j + I)Sj > O. (16) 
By expressions (14)-(16) there is exactly one positive x for each u, 0 :::; u :::; s, solving 
equation (13). Note x(O) = 0 and x(S) = Ro. Since the right-hand side of equation (11) 
is monotonic, du/dx > 0 for 0 :::; x < R, and so by the inverse function theorem x is an 
analytic function of u for 0 :::; u :::; u(R). If R > Ro then u(R) > u(Ro) and x is an analytic 
function of u for 0 :::; u :::; u(Ro) = S. But then equation (12) shows that h(u) is analytic 
at u = S. This shows R :::; Ro and Lemma 3.2 is proved. 
LEMMA 3.3. In equation (11) u is an analytic function of x for 0 :::; x :::; Ro. Moreover 
Ro :::; R. 
PROOF. Since h(u) is analytic for 0 < u < S the implicit function theorem applied to 
equation (13) implies that x is an analytic function of u provided dx/du is defined and not 
equal to 0 where 
~: (1 + h(u) + (y - I)Xj )2 (1 + h(u) + (y - 1)(3j + l)xj ) 
= I - 3x(1 + h(u) + (y - l)xj)W(u). (17) 
Equations (14) and (15) give that dx/du is defined. Also by expression (14) 
I - 3x(1 + h(u) + (y - l)xj )2h'(u) = 1 _ 3uh'(u) 
1 + h(u) + (y - I)xi 
and so dx/du > 0 provided 
E(x, u) = 1 + h(u) - 3uh'(u) + (y - l)xj > O. (18) 
To show this we first show that 
E(Ro, S) > O. (19) 
The definition of Ro gives (y - 1).m = (S/ RoY/3 - h(S) - 1 so it suffices to show that 
( )
113 ~ . - 3Sh'(S) > O. 
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Since Ro < S < 1 by Lemma 3.1, equation (10) gives 
S/Ro = (1 + h(S) + (y - I)R{;)3 ~ (1 + h(S) - Ro)3 ~ (1 + h(S) - S)3 
so it suffices to prove 
1 + h(S) - S - 3Sh'(S) > O. (20) 
Now 
3uh'(u) 
and by equation (6) for n ~ 3 
6n(4n - 3)!sn 616 e2+I/12(4n-3) (1 - 3/4n)4n-5/2 < 316 e83/128n-3/2 
n!(3n - I)! < 64n3/2 Tn (1 - I/3n)3n-I/2 32.Ji ' 
since log (1 - 3/4n) < - 3/4n + (3/4n)2/2 and log (1 - I/3n) > - I/3n for n ~ 3. 
Hence 
3Sh'(S) < 6[S/2 + S2 + 3 -Ii e83/l 28/32y'6n]. 
Thus S + 3Sh'(S) < 1, and so expression (20) and also (19) hold. Suppose E(x, u) = 0 
for u E [0, S]. Let U1 be the greatest such u. Then equation (17) shows that dx/du = 0 at 
u l • However, since the coefficients of h(u) - 3uh'(u) after the first are non-positive it 
follows that the latter is strictly decreasing and hence E(x, u l ) = 0 and oE(x, u)/ou < 0 
at u = u l • Then by expression (19) E(x, u) = 0 for some S > u > UI' which is a con-
tradiction. Thus equation (18) holds and so dx/du > 0 for all u E [0, S] and x is an analytic 
function of u for 0 ,;;; u < S. The inverse function theorem now implies that u is an analytic 
function of x for 0 = x(O) ,;;; x ,;;; x(S) = Ro. Thus in view of equation (12), Ro ,;;; R. 
Lemmas 3.2 and 3.3 together establish Lemma 3.1. The definition of Ro in equation (10) 
shows that if y < 1 then R( y) < R(l). The last part of the proof of Theorem 2.1 now gives 
the next result, since if g(x) = ~ gnxn, we have that limH 00 g!/n exists by the formula given 
for gn in [11]. 
THEOREM 3.4. The 2-connected triangulations are self-perpetuating. 
We have by this last theorem the following result corresponding to Theorems 2.3 and 2.4. 
THEOREM 3.5. In almost all 2-connected triangulations with m vertices and almost all 
2-connected cubic maps with m vertices the length of a longest path is at most (1 - c)m, 
c > O. 
4. BICUBIC MAPS 
In this section we let h(x) denote the generating function for rooted 3-connected bicubic 
maps with 2n vertices and for) ~ 2 let gj(x, y) denote the generating function for rooted 
bicubic maps (these are necessarily 2-connected) with 2n vertices and m copies of a 
particular 2-connected bicubic map, To, with 2) vertices. By such a copy we mean the dual 
of a copy of To in the dual of the larger bicubic map. Then Tutte [10] shows, with 
g(x) = gj(x, 1), 
g(x) 6 I (~n + 1)\ 2n x n + 1 n~O n.(n + 3). 3L2 {-I + 12x - 24x2 + (1 - 8X)3/2}, 
g(x) h(x(1 + g(xW), (21) 
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and his arguments, modified to count submaps, show that equation (9) holds again. In this 
case however, h is not known explicitly. Nevertheless our analysis is along very similar lines. 
Let R( = R(y» and Ro be defined as in Section 3, and assume equations (11)-(13). Clearly 
expression (15) holds again; furthermore expression (16) holds again provided I - h(u) -
4jy > 0 which is true provided S, the radius of convergence of h, is less than 1/4. According 
to Mullin, Richmond and Stanton [4], S = 125/512 < 1/4. This means that Lemma 3.2 
holds with S = 125/512. We now show that expression (20) holds. Take y = 1 (the case 
studied by Tutte [10]). Then R = 1/8 and g(R) = 1/4 and so S = R(1 + g(R»3, and 
h(S) = g(R) = 1/4. Since g'(R) = 8 and 
h'(x(l + g(X»3)«(I + g(X»3 + 3x(l + g(X»2g' (X» = g'(x) 
we can put x = R and solve to find h'(S) = 512/425. It then follows that 1 + h(S) -
3Sh' (S) - S = 5/4 - 15/17 - 125/512 > O. Since expression (20) and hence (19) hold, 
the proof of Lemma 3.3 carries through. Since the coefficients of g(x) satisfy the appropriate 
limiting condition, we therefore conclude the following. 
THEOREM 4.1. The bicubic maps are self-perpetuating. 
THEOREM 4.2. In almost all bicubic maps with m vertices and almost a1l2-face-colourable 
triangulations with m vertices, the length of a longest path is at most (I - c)m. 
We now consider 3-connected bicubic maps, the duals of 3-connected 2-face-colourable 
triangulations. It can be verified that 2-face-colourable triangulations in a separating 
triangle may be added or deleted without altering the 2-face-colourable property. Thus if 
f7 is the set of 4-connected 2-face colourable rooted triangulations, then ff as defined in 
Section 2 becomes the set of 3-connected 2-face-colourable rooted triahgulations. From the 
results of [4] we have that limn _ ao t~ /n exists, so Theorem 2.1 applies, to give the next result. 
THEOREM 4.3. The 3-connected 2-face-colourable triangulations are self-perpetuating. 
We state an interesting consequence, akin to Theorem 2.3, the proof being virtually 
identical. 
THEOREM 4.4. If there is one 3-connected bicubic map without a Hamilton cycle, then the 
length of a longest path in almost all 3-connected bicubic maps with m vertices is at most 
(l - c)m. 
Of course this theorem is only meaningful if Barnette's conjecture for 3-connected bicubic 
maps is false. 
Finally, we observe that a copy of the map obtained by squashing a regular octahedron 
into the plane may be inserted into a triangle of a 4-connected triangulation, and if the 
original map was Hamiltonian and 2-face-colourable then so is the new map. The proof of 
Theorem 2.4 is easily modified to give the following (after taking the dual maps). 
THEOREM 4.5. The radius of convergence of the generating function for 3-connected 
hamiltonian bicubic maps is less than the radius of convergence of the generating function for 
cyclically 4-connected bicubic maps. 
Here by a cyclically 4-connected cubic map we mean the dual of a 4-connected triangula-
tion (see [3]). To prove the result corresponding to Theorem 2.5 for bicubic maps, it suffices 
to show that since g(x) has only one singularity on its radius of convergence and it's a 
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quadratic singularity, the same holds for h(x) using the functional equation (21) relating 
g(x) and h(x). It is then necessary to show that the same holds for the generating function 
for the 4-connected bicubic maps, using the relationship (4) between their generating 
functions. The proof of Theorem 2.5 then applies. 
5. TOWARDS THE SIZE OF A LARGEST COMPONENT 
In Section 2 we considered the probability of a given sub triangulation occurring in a 
random 3-connected triangulation. It is natural to ask for the probability of at least one 
sub triangulation of a given size occurring. From Theorem 2.2 almost all 3-connected 
triangulations contain copies of triangulations containing N or n - N vertices (N fixed). 
Our next result shows that there is a rather substantial gap in between. 
THEOREM 5.1. Let t: > O. Then almost none of the 3-connected triangulations contain a 
copy of any triangulation with between n2/Ht and n - n2/Ht vertices. 
PROOF. To construct a rooted 3-connected triangulation with a copy of a triangu-
lation with 2k + 1 internal faces we may first choose a rooted 3-connected triangulation 
with 2n - 2k + 1 internal faces, choose one of its triangles, and insert any 3-connected 
triangulation with 2k + 1 internal faces. So the number of such triangulations is at 
most gn_k(n - k)(3gk) where gn satisfies (3). Thus the probability that a random rooted 
3-connected triangulation is of this type, with k in the appropriate range, is 
0(1) L (n - k)-3/2k- 5/2n5/2. 
Clearly we only need to evaluate this sum for n2/Ht < k < n12, and so n - k may be 
replaced by n. Thus the probability is 
0(1) rn/2 nk- 5/2 dk = 0(1), Jn 2/3+e 
and we have the result for rooted triangulations. The unrooted version now follows since 
Tutte [12] proved that almost all 3-connected triangulations have the trivial automorphism 
group. 
The question of the usual size of subtriangulations is made more interesting by insisting 
that they must be 4-connected. It is easy to verify that each 3-connected triangulation Tis 
uniquely decomposable into 4-connected components such that T is obtained from the 
components by identifying pairs of faces in a specified manner. In fact, the dual decom-
position, of 3-connected maps into cyclically 4-connected cubic 'components', is valid for 
arbitrary 3-connected cubic graphs (see [13]). A 4-connected triangulation T, is one of the 
4-connected components of a triangulation T if T contains any supercopy of T,. Define 
p,(n) to be the probability that a random 3-connected triangulation (with n + 3 vertices) 
has a 4-connected component with at least rn vertices. By Theorem 2.2 we have P,(n) --. 1 
as n --. 00 if rn is bounded above by N say, since a fixed 4-connected triangulation with 
N, > Nvertices is almost always present. Also p,(n) --. 0 for r < 1 - c (for some c > 0), 
since a large 4-connected component cannot contain the internal vertices in cn pairwise 
disjoint copies of a small triangulation. It would be of interest to find P,(n) in the limit as 
n --. 00, but our analysis of the appropriate generating functions has failed to yield results. 
All we can add is the next theorem, giving p,(n) --. 1 as n --. 00 for r = 0(n- 2/3- t ) for all 
t: > O. It is proved for rooted maps; the unrooted version then follows as in Theorem 5.1. 
THEOREM 5.2. The number of vertices in a largest 4-connected component of a random 
3-connected triangulation is almost always at least n'/3-t for all t: > O. 
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PROOF. Take a random rooted 3-connected triangulation, which by Theorem 5.1 we 
may assume has no triangle containing between n2/3+e and n - n2/3+< vertices. Choose a 
triangle containing at least n - n2/3+< vertices which is innermost in this respect; i.e. which 
contains no other such triangle. Let T denote the subtriangulation contained in this triangle, 
and let To denote the 4-connected component of T containing the external triangle of T. 
Then T may be obtained from To by inserting triangulations into its internal faces. Since 
none of the inserted triangulations have n2/3+e vertices, To must have at least (n - n2/3+e)/ 
n2/3+< faces. The theorem follows. 
In view of the occurrence of n- 5/2 in the asymptotic formulae given in [4], [9] and [10], 
the proof of Theorems 5.1 and 5.2 carries over immediately to the other types of maps 
considered in Section 3 and 4 in the rooted case. For the unrooted versions it will be 
necessary to prove that the number of automorphisms of almost all such maps is somewhat 
less than n. This has not yet been done. 
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